This chapter studies discrete valuation fields in relation to each other. The first section introduces the class of Henselian fields which are quite similar to complete fields; the key property of the former is given by the Hensel Lemma. The long section 2 deals with the problem of extensions of valuations from a field to its algebraic extension. Section 3 describes first properties of unramified and totally ramified extensions. In the case of Galois extensions ramification subgroups are introduced in section 4. Structural results on complete discrete valuation fields are proved in section 5.
The Hensel Lemma and Henselian Fields
Complete fields are not countable (see Exercise 1 section 4 Ch. I) and therefore are relatively huge; algebraic extensions of complete fields are not necessarily complete with respect to any natural extension of the valuation. One of the most important features of complete fields is the Hensel Lemma (1.2). Fields satisfying this lemma are called Henselian. They can be relatively small; and, as we shall see later, an algebraic extension of a Henselian field is a Henselian field.
Let F be a valuation field with the ring of integers O, the maximal ideal M, and the residue field F . For a polynomial f(X) = a n X n + · · · + a 0 ∈ O[X] we will denote the polynomial a n X n + · · · + a 0 by f (X) ∈ F [X]. We will write
(1.1). We assume that the reader is familiar with the notion of resultant R(f, g) of two polynomials f, g (see, e.g., [La1, Ch. V]). Let A be a commutative ring. For two polynomials f (X) = a n X n + . . . a 0 , g(X) = b m X m + · · · + b 0 their resultant is the determinant of a matrix formed by a i and b j . This determinant R(f, g) is zero iff f and g have a common root; in general R(f, g) = f f 1 + gg 1 for some polynomials f 1 , g 1 ∈ A [X] . If f (X) = a n n i=1 (X − α i ), g(X) = b m m j=1 (X − β j ), then their resultant R(f, g) is a m n b n m i,j (α i − β j ). In particular, R(X − a, g(X)) = g(a).
If f, g ∈ O[X] then R(f, g) ∈ O. We shall use the following properties of the resultant:
Proposition. Let F be a complete discrete valuation field with the ring of integers O and the maximal ideal M. Let g 0 (X), h 0 (X), f(X) be polynomials over O such that deg f(X) = deg g 0 (X) + deg h 0 (X) and the leading coefficient of f(X) coincides with that of g 0 (X)h 0 (X). Let R(g 0 , h 0 ) / ∈ M s+1 and f(X) ≡ g 0 (X)h 0 (X) mod M 2s+1 for an integer s 0.
Then there exist polynomials g(X), h(X) such that
Proof. We first construct polynomials g i (X), h i (X) ∈ O[X] with the following properties: deg
Proceeding by induction, we can assume that the polynomials g j (X), h j (X), for j i − 1, have been constructed. For a prime element π put g i (X) = g i−1 (X) + π i+s G i (X), h i (X) = h i−1 (X) + π i+s H i (X)
Since by the induction assumption f(X) − g i−1 (X)h i−1 (X) = π i+2s f 1 (X) for a suitable f 1 (X) ∈ O[X] of degree smaller than that of f , we deduce that it suffices for G i (X), H i (X) to satisfy the congruence π s f 1 (X) ≡ g i−1 (X)H i (X) + h i−1 (X)G i (X) mod M s+1 . We get R(g i−1 (X), h i−1 (X)) ≡ R(g 0 (X), h 0 (X)) ≡ 0 mod M s+1 . Then the properties of the resultant imply the existence of polynomials G i , H i satisfying the congruence. Write G i = g i−1 q + G i with polynomial G i of degree smaller than that of g i−1 . Then it is easy to see that the degree of H i = H i + qh i−1 is smaller that the degree of h i−1 . The polynomials G i , H i are the required ones. Now put g(X) = lim g i (X), h(X) = lim h i (X) and get f(X) = g(X)h(X).
The following statement is often called Hensel Lemma; it was proved by K. Hensel for p-adic numbers and by K. Rychlík for complete valuation fields.
(1.2). Corollary 1. Let F be as in the Proposition and F the residue field of F . Let f(X), g 0 (X), h 0 (X) be monic polynomials with coefficients in O and f (X) = g 0 (X)h 0 (X). Suppose that g 0 (X), h 0 (X) are relatively prime in F [X] . Then there exist monic polynomials g(X), h(X) with coefficients in O, such that f(X) = g(X)h(X), g(X) = g 0 (X), h(X) = h 0 (X).
Proof. We have R(f 0 (X), g 0 (X)) / ∈ M and we can apply the previous Proposition for s = 0. The polynomials g(X) and h(X) may be assumed to be monic, as it follows from the proof of the Proposition.
Valuation fields satisfying the assertion of Corollary 1 are said to be Henselian. Corollary 1 demonstrates that complete discrete valuation fields are Henselian.
Corollary 2. Let F be a Henselian field and f(X) a monic polynomial with coefficients in O. Let f (X) ∈ F [X] have a simple root β in F . Then f(X) has a simple root α ∈ O such that α = β.
Proof. Let γ ∈ O be such that γ = β. Put g 0 (X) = X − γ in Corollary 1.
(1.3). Corollary 3. Let F be a complete discrete valuation field. Let f(X) be a monic polynomial with coefficients in O. Let f (α 0 ) ∈ M 2s+1 , f (α 0 ) / ∈ M s+1 for some α 0 ∈ O and integer s 0. Then there exists α ∈ O such that α − α 0 ∈ M s+1 and f (α) = 0.
Proof. Put g 0 (X) = X − α 0 and write f(X) = f 1 (X)(X − α 0 ) + δ with δ ∈ O. Then δ ∈ M 2s+1 . Put h 0 (X) = f 1 (X) ∈ O[X]. Hence f(X) ≡ g 0 (X)h 0 (X) mod M 2s+1 and f (α 0 ) = h 0 (α 0 ) / ∈ M s+1 . This means that R(g 0 (X), h 0 (X)) / ∈ M s+1 , and the Proposition implies the existence of polynomials g(X), h(X) ∈ O [X] such that g(X) = X − α, α ≡ α 0 mod M s+1 , and f(X) = g(X)h(X).
A direct proof of Corollary 3 can be found in Exercises.
Corollary 4. Let F be a complete discrete valuation field of characteristic zero. For every positive integer m there is n such that 1 + M n ⊂ F * m .
Proof. Put f a (X) = X m − a with a ∈ 1 + M n . Let m ∈ M s \ M s+1 . Then
. Therefore for every a ∈ 1 + M 2s+1 due to Corollary 3 the polynomial f a (X) has a root α ≡ 1 mod M s+1 .
(1.4). The following assertion will be used in the next section.
Lemma. Let F be a complete discrete valuation field and let
be an irreducible polynomial with coefficients in F . Then the condition v(α 0 ) 0 implies v(α i ) 0 for 0 i n − 1.
Proof. Assume that α 0 ∈ O and that j is the maximal integer such that v(α j ) = min
We have f 1 (X) = g 0 (X)h 0 (X), and g 0 (X), h 0 (X) are relatively prime. Therefore, by Proposition (1.1), f 1 (X) and f(X) are not irreducible.
Remark.
Later in (2.9) we show that all the assertions of this section hold for Henselian discrete valuation fields.
Exercises.
1. Let F be a complete discrete valuation field, and f(X) a monic polynomial with coefficients in O.
, is convergent and α = lim α m is a root of f(X). 2. Let F be a complete discrete valuation field and
3. a) Let F be a field with a valuation v and the maximal ideal M v . Assume that F is complete with respect to the M v -adic topology (see Exercise 4 in section 4 Ch. 1). Show that F is Henselian, by modifying the proof of Proposition (1.1) for s = 0 and using appropriate π k ∈ M k v instead of π k . b) Show that the fields of Examples 3, 4 in section 4 Ch. I are Henselian. 4. Let F be a Henselian field and f(X) ∈ O[X] an irreducible monic polynomial. Show that f (X) is a power of some irreducible polynomial in F [X]. 5. Let F be a Henselian field with the residue field F . a) Show that the group µ of all the roots in F (of order relatively prime with char(F ), if char(F ) = 0 ), is isomorphic with the group of all roots of unity in F . b) Let n be any integer (relatively prime to char(F ), if char(F ) = 0 ). Show that raising to the n th power is an automorphism of 1 + M. c) Let F be a Henselian discrete valuation field, and σ an isomorphism of F onto a subfield of
Show that every isomorphism of F onto a subfield of F is continuous. e) Show that if p = q, then Q p is not isomorphic to Q q .
Extensions of Valuation Fields
In this rather lengthy section we study extensions of discrete valuations. In Theorem (2.5) we show that if a field F is complete with respect to a discrete valuation, then there is exactly one extension of the valuation to a finite extension of F . The non-complete case will be described in Theorem (2.6). In Theorem (2.8) we give three new equivalent definitions of a Henselian discrete valuation field.
(2.1). Let F be a field and L an extension of F with a valuation w: L → Γ . Then w induces the valuation w 0 = w| F : F → Γ on F . In this context L/F is said to be an extension of valuation fields. The group w 0 (F * ) is a totally ordered subgroup of w(L * ) and the index of w 0 (F * ) in w(L * ) is called the ramification index e(L/F, w). The ring of integers O w 0 is a subring of the ring of integers O w and the maximal ideal M w 0 coincides with M w ∩ O w 0 . Hence, the residue field F w 0 can be considered as a subfield of the residue field L w . Therefore, if α is an element of O w 0 , then its residue in the field F w 0 can be identified with the image of α as an element of O w in the field L w . We shall denote this image of α by α. The degree of the extension L w /F w 0 is called the inertia degree or residue degree f (L/F, w). An immediate consequence is the following Lemma.
Lemma. Let L be an extension of F and let w be a valuation on L. Let L ⊃ M ⊃ F and let w 0 be the induced valuation on M . Then
(2.2). Assume that L/F is a finite extension and w 0 is a discrete valuation. Let elements α 1 , . . . , α e ∈ L * e e(L/F, w) be such that
c i α i = 0 holds with c i ∈ F , then, as w(c i α i ) are all distinct, by (2.1) Ch. I we get This shows that α 1 , . . . , α e are linearly independent over F and hence e(L/F, w) is finite. Let π be a prime element with respect to w 0 . Then we deduce that there are only a finite number of positive elements in w(L * ) which are w(π). Consider the smallest positive element in w(L * ). It generates the group w(L * ), and we conclude that w is a discrete valuation. Thus, we have proved the following result.
(2.3). Hereafter we shall consider discrete valuations. Let F and L be fields with discrete valuations v and w respectively and F ⊂ L. The valuation w is said to be an extension of the valuation v, if the topology defined by w 0 is equivalent to the topology defined by v. We shall write w|v and use the notations e(w|v),
Lemma. Let L be a finite extension of F of degree n; then e(w|v)f (w|v) n.
Proof. Let e = e(w|v) and let f be a positive integer such that f f (w|v). Let θ 1 , . . . , θ f be elements of O w such that their residues in L w are linearly independent over Multiplying the coefficients c ij by a suitable power of π v , we may assume that c ij ∈ O v and not all c ij ∈ M v . Note that if i c ij θ i ∈ M w , then i c ij θ i = 0 and c ij ∈ M v . Therefore, there exists an index j such that i c ij θ i / ∈ M w . Let j 0 be the minimal such index. Then j 0 = w( c ij θ i π j w ), which is impossible. We conclude that all c ij = 0. Hence, ef n and e(w|v)f (w|v) n.
For instance, let F be the completion of F with the discrete valuation v (see section 4 Ch. 1). Then e( v|v) = 1, f ( v|v) = 1. Note that if F is not complete, then | F : F | = e( v|v)f ( v|v). On the contrary, in the case of complete discrete valuation fields we have (2.4). Proposition. Let L be an extension of F and let F, L be complete with respect to discrete valuations v, w. Let w|v, f = f (w|v) and e = e(w|v) < ∞. Let π w ∈ L be a prime element with respect to w and θ 1 , . . . , θ f elements of O w such that their residues form a basis of
Proof. Let R be a set of representatives for F (see (5.1) Chapter I). Then the set Writing
we get
Thus, α can be expressed as
By the proof of the previous Lemma this expression for α is unique. We conclude that
(2.5). Further we shall assume that v(F * ) = Z for a discrete valuation v. Then e(w|v) = |Z : w(F * )| for an extension w of v.
Theorem. Let F be a complete field with respect to a discrete valuation v and L a finite extension of F . Then there is precisely one extension w on L of the valuation v
The field L is complete with respect to w.
It is clear that w (α) = +∞ if and only if α = 0 and w (αβ) = w (α) + w (β). Assume that
and it suffices to show that if w (γ) 0, then w (1 + γ) 0. Let
be the monic irreducible polynomial of γ over F . Then we get (−1)
We deduce that v(a 0 ) 0, and making use of (1.4), we get v(a i ) 0 for 0 i m − 1. However,
i.e., w (1 + γ) 0. Thus, we have shown that w is a valuation on L.
Let n = |L : F |; then w (α) = nv(α) for α ∈ F * . Hence, the valuation (1/n)w is an extension of v to L (note that (1/n)w (L * ) = Z in general). Let e = e(L/F, (1/n)w ). By Lemma (2.3) e is finite. Put w = (e/n)w : L * → Q, hence w(L * ) = w(π w )Z = Z with a prime element π w with respect to w. Therefore, w = (e/n)v • N L/F is at once a discrete valuation on L and an extension of v.
Let γ 1 , . . . , γ n be a basis of the F -vector space L. By induction on r, 1 r n, we shall show that Thus, the completeness of F implies the completeness of its finite extension L with respect to any extension of v. We also have the uniqueness of the extension.
(2.6). Now we treat extensions of discrete valuations in the general case.
Theorem. Let F be a field with a discrete valuation v. Let F be the completion of F , and v the discrete valuation of F . Suppose that L = F (α) is a finite extension of F and f(X) the monic irreducible polynomial of α over
be the decomposition of the polynomial f(X) into irreducible monic factors in
Then L is embedded as a dense subfield in the complete discrete valuation field L i under F → F , α → α i , and the restriction w i of w i on L is a discrete valuation on L which extends v. The valuations w i are distinct and every discrete valuation which is an extension of v to L coincides with some w i for 1 i k.
Proof.
First let w be a discrete valuation on L which extends v. Let L w be the completion of L with respect to w. By Proposition (4.2) Ch. I there exists an embedding σ:
for some 1 i k, and then w = w i .
Conversely, assume that g(X) = g i (X) and w i is the unique discrete valuation on
If w i = w j for i = j then there is an isomorphism between F (α i ) and F (α j ) over F which sends α i to α j , but this is impossible.
Corollary. Let L/F be a purely inseparable finite extension. Then there is precisely one extension to L of the discrete valuation v of F .
in the fixed algebraic closure F alg of F . Therefore, k = 1 and there is precisely one extension of v to L. If there were two distinct extensions w 1 , w 2 of v to L in the general case of a purely inseparable extension L/F , we would find α ∈ L such that w 1 (α) = w 2 (α), and hence the restriction of w 1 and w 2 on F (α) would be distinct. This leads to contradiction.
(2.7). Remarks.
1. More precisely, Theorem (2.6) should be formulated as follows. The tensor product L ⊗ F F may be viewed as an L-module and F -algebra. Then the quotient of L ⊗ F F by its radical decomposes into the direct sum of complete fields which correspond to the discrete valuations on L that are extensions of v.
Under the conditions of Theorem
, and we have the surjective homomorphism
Note that this kernel coincides with the radical of L ⊗ F F . Under the conditions of the previous Theorem, if L/F is separable, then all e i are equal to 1.
2. Assume that L/F is as in the Theorem and, in addition, L/F is Galois. Then
Then it is easy to show that G is a disjoint union of the H i and
The subgroup H 1 is said to be the decomposition group of w 1 over F . The fixed field M = L H 1 is said to be the decomposition field of w 1 over F . Note that the field M is obtained from F by adjoining coefficients of the polynomial g 1 (X). We get L = M (α 1 ), and g 1 (X) ∈ M [X] is irreducible over F = M . Theorem (2.6) shows that w 1 is the unique extension to L of w 1 | M ; there are k distinct discrete valuations on M which extend v.
Example.
Let E = F (X). Recall that the discrete valuations on E which are trivial on F are in one-to-one correspondence with irreducible monic polynomials p(X) over
and there is the valuation v ∞ with a prime element
Let F 1 be an extension of F . Then a discrete valuation on E 1 = F 1 (X), trivial on F 1 , is an extension of some discrete valuation on E = F (X), trivial on F . Let p(X) = p v (X) be an irreducible monic polynomial over F . Let p(X) be decomposed into irreducible monic factors over
e i . Then one immediately deduces that the w i = w p i (X) , 1 i k, are all discrete valuations, trivial on F 1 , which extend the valuation v p(X) . We also have e w p i (X) |v p(X) = e i . There is precisely one extension w ∞ of v ∞ . Thus, for every v
and we have the surjective homomorphism
where α is a root of p(X) and α i is a root of p i (X). Here the kernel of this homomorphism also coincides with the radical of F (α) ⊗ F F 1 .
(2.8). Finally we treat extensions of Henselian discrete valuation fields.
Theorem. Let v be a discrete valuation on F . The following conditions are equivalent:
(1) F is a Henselian field with respect to v.
(2) The discrete valuation v has a unique extension to every finite algebraic extension
where w is an extension of v on L. (4) F is separably closed in F .
Proof.
(1) ⇒ (2). Using Corollary (2.6), we can assume that L/F is separable. Moreover, it suffices to verify (2) for the case of a Galois extension. Let L = F (α) be Galois, f(X) be the irreducible polynomial of α over F . Let f(X) = g 1 (X) . . . g k (X) be the decomposition of f(X) over F as in remark 2 of (2.7). Let H 1 and M = L H 1 be as in remark 2. Put w i = w i | M for 1 i k and suppose that k 2. Then, w i for 1 i k induce distinct topologies on M . w i w 2 , . . . , w l . We get w i = w 1 • σ i | M for σ 1 , . . . , σ l ∈ G, σ 1 = 1. Taking into account Proposition (3.7) Ch. I, one can find an element β ∈ M such that
Let τ 1 , . . . , τ r (τ 1 = 1) be the maximal set of elements of G = Gal(L/F ) for which the elements β, τ 2 (β), . . . , τ r (β) are distinct. Then τ 2 , . . . , τ r / ∈ H 1 , and w 1 (β) = −c,
Let h(X) = X r + b r−1 X r−1 + · · · + b 0 be the irreducible monic polynomial of β over F . Then
and, similarly, w 1 (b i ) > 0 for i < r − 1. We also obtain that
Then h 1 (X) is a monic polynomial with integer coefficients. Since h 1 (X) = (X + 1)X r−1 , by the Hensel Lemma (1.2), we obtain that h 1 (X) is not irreducible, implying the same for h(X), and we arrive at a contradiction. Thus, k = 1, and the discrete valuation v is uniquely extended on L.
(2) ⇒ (3). Let L = F (α) be a finite separable extension of F and let L/F be of degree n. Since v can be uniquely extended to L, we deduce from Theorem (2.6) that f(X) = g 1 (X) is the decomposition of the irreducible monic polynomial f(X) of α over F in F [X]. Therefore, the extension F (α)/ F is of degree n. We have also e(w|v) = e( w| v), f (w|v) = f ( w| v), because e( w|w) = 1, f ( w|w) = 1, e( v|v) = 1, f ( v|v) = 1; see (2.3). Now Proposition (2.4) shows that n = e( w| v)f ( w| v) and hence n = e(w|v)f (w|v).
(3) ⇒ (4). Let α ∈ F be separable over F . Put L = F (α) and n = |L : F |. Let w be the discrete valuation on L which induces the same topology on L as v| L . Then e(w|v) = f (w|v) = 1, and hence n = 1, α ∈ F .
(4) ⇒ (1). Let f(X), g 0 (X), h 0 (X) be monic polynomials with coefficients in O. Let f (X) = g 0 (X)h 0 (X) and g 0 (X), h 0 (X) be relatively prime in F v [X]; F is Henselian according to (1.1). Then there exist monic polynomials g(X), h(X) over the ring of integers O in F , such that f(X) = g(X)h(X) and g(X) = g 0 (X), h(X) = h 0 (X). The polynomials g 0 (X), h 0 (X) are relatively prime in O[X] because their residues possess this property. Consequently, they are relatively prime in F [X] by the previous Lemma. The roots of the polynomial f(X) are algebraic over F , hence the roots of the polynomials g(X), h(X) are algebraic over F and the coefficients of g(X), h(X) are algebraic over F . Since F is separably closed in F , we obtain that
is the product of two relatively prime polynomials in F [X]. We conclude that g(X)
and, finally, the polynomial g(X) coincides with g 1 (X) ∈ O[X], the polynomial h(X) coincides with
Remark. The equality e(w|v)f (w|v) = n does not hold in general for algebraic extensions of Henselian fields; see Exercise 3.
(2.9). Corollary 1. Let F be a Henselian discrete valuation field and L an algebraic extension of F . Then there is precisely one valuation w: L * → Q (not necessarily discrete), such that the restriction w| F coincides with the discrete valuation v on F . Moreover, L is Henselian with respect to w.
Proof.
Let M/F be a finite subextension of L/F , and let, in accordance with the previous Theorem, w M : M * → Q be the unique valuation on M for which
It is a straightforward
Exercise to verify that w is a valuation on L and that w| F = v. If there were another valuation w on L with the property w | F = v, we would find α ∈ L with w(α) = w (α), and hence w| F (α) and w | F (α) would be two distinct valuations on F (α) with the property w| F = w | F = v. Therefore, there exists exactly one valuation w on L for which w| F = v. To show that L is Henselian we note that
where O 1 is the ring of integers for some finite subextension M/F in L/F . Clearly, the polynomials g 0 (X), h 0 (X) are relatively prime in
Corollary 2. Let F be a Henselian discrete valuation field, and let L/F be a finite separable extension. Let v be the valuation on F and w the extension of v to L. Let e, f, π w , θ 1 , . . . , θ f be as in Proposition (2.4).
Proof. One can show, similarly to the proof of Lemma (2.3), that the elements θ i π j w for 1 i f, 0 j e − 1 are linearly independent over F . As n = ef , these elements form a basis of O w over O v and of L over F .
Corollary 3. Let F be a Henselian discrete valuation field, and L/F a finite separable extension. Let w be the discrete valuation on L and σ: L → F alg an embedding over F . Then
Corollary 4. If F is a Henselian discrete valuation field, then Proposition (1.1), Corollary 3 and 4 of (1.3), and Lemma (1.4) hold for F .
Proof. In terms of Proposition (1.1) we obtain that there exist polynomials g, h ∈ O[X] (where O is the ring of integers of are relatively prime in F [X] because R (g 0 (X), h 0 (X)) = 0, we obtain that g(X) = g 0 (X), h(X) = h 0 (X) and Proposition (1.1) holds for F . Corollary 3 of (1.3) and Lemma (1.4) for F are formally deduced from the latter. 
Exercises.
1. a) In terms of Theorem (2.6) and remark 2 show that if 1. Put F = Q 2 (α 1 , α 2 , . . . ). Then the discrete 2-adic valuation is uniquely extended to F . Let F be its completion. Show that F ( √ −1)/ F is of degree 2 and if w is the valuation on
. Then the index of ramification and the residue degree of F ( √ −1)/ F are equal to 1. 3. a) Using Exercise 1 section 4 Ch. I show that there exists an element α = i 0 a i X i ∈ F p ((X)) which is not algebraic over F p (X). b) Let β = α p and let F be the separable algebraic closure of F p (X)(β) in F p ((X)). Show that F is dense in F p ((X)) and Henselian. Let L = F (α). Show that L/F is of degree p, and that the index of ramification and the residue degree of L/F are equal to 1. 4. Let F be a field with a discrete valuation v. Show that the following conditions are equivalent: (1) F is a Henselian discrete valuation field. (2) If f(X) = X n +α n−1 X n−1 + · · ·+α 0 is an irreducible polynomial over F and
(5) If f(X) is a monic polynomial with coefficients in O and f (X) ∈ F [X] has a simple root θ ∈ F , then there exists α ∈ O such that f (α) = 0 and α = θ. 5. Let M be a complete field with respect to a surjective discrete valuation w: M * → Z. Let F be a subfield of M such that M/F is a finite Galois extension. For an element α ∈ M denote by µ(α) the maximum w(α − σα) = ∞ over all σ ∈ Gal(M/F ). a) Prove Ostrowski's Lemma: if L/F is a subextension of M/F and if an α ∈ M satisfies max β∈L w(α − β) > µ(α), then α ∈ L. b) Prove that the algebraic closure of M is complete with respect to the extended valuation if and only if its degree over M is finite. 6. Let v be a discrete valuation on F . Let w c = w c (v) be the discrete valuation on F (X) defined in Example 4 (2.3) Ch. I. Suppose that F is Henselian with respect to v. Show that for an irreducible separable polynomial
is irreducible. In this case for every root α of f(X) there is a root β of g(X) with 
Unramified and Ramified Extensions
In this section we look at two types of finite extensions of a Henselian discrete valuation field F : unramified and totally ramified.
In view of Exercise 7 in the previous section the field F has the unique surjective discrete valuation F * → Z with respect to which it is Henselian; we shall denote it from now on by v F .
Let L/F be an algebraic extension. If v L is the unique discrete valuation on L which extends the valuation v = v F on F , then we shall write e(L|F ),
for the ring of integers O v , the maximal ideal M v , the group of units U v , a prime element π v with respect to v, and the residue field F v , respectively.
(3.1). Lemma. Let L/F be a finite extension. Let α ∈ O L and let f(X) be the monic irreducible polynomial of α over
Proof. It is well known that β = α p m is separable over F for some m 0 (see [La1, sect. 4 Ch. VII]). Let M be a finite Galois extension of F with β ∈ M . Then, in fact, β ∈ O M and the monic irreducible polynomial g(X) of β over F can be written as
Since β ∈ O M we get σ i β ∈ O M using Corollary 3 of (2.9). Hence we obtain
A finite extension L of a Henselian discrete valuation field F is called unramified if L/F is a separable extension of the same degree as L/F . A finite extension L/F is called totally ramified if f (L|F ) = 1. A finite extension L/F is called tamely ramified if L/F is a separable extension and p e(L|F ) when p = char(F ) > 0.
We deduce by Lemma (2.3) that e(L|F ) = 1,
(3.2). First we treat the case of unramified extensions.
Proposition.
(1) Let L/F be an unramified extension, and
θ is a simple root of the polynomial f (X) irreducible over F , where f(X) is the monic irreducible polynomial of α over F . (2) Let f(X) be a monic polynomial over O F , such that its residue is a monic separable polynomial over F . Let α be a root of f(X) in F alg , and let L = F (α). Then the extension L/F is unramified and L = F (θ) for θ = α.
(1) By the preceding Lemma f(X) ∈ O F [X]. We have f (α) = 0 and
It follows that L = F (α) and θ is a simple root of the irreducible polynomial f (X). Therefore, f (θ) = 0 and f (α) = 0, i.e., α is separable over F . It remains to use Corollary 2 of (2.9) to obtain
Suppose that α is a root of f 1 (X). Then g 1 (X) = f 1 (X) is a monic separable polynomial over F . The Henselian property of F implies that g 1 (X) is irreducible over F . We get α ∈ O L by Lemma (3.1). Since θ = α ∈ L, we obtain L ⊃ F (θ) and
Thus, L = F (θ), and L/F is unramified.
(2) If L/F is unramified, M is an algebraic extension of F and M is the discrete valuation field with respect to the extension of the valuation of
(1) follows from Lemma (2.1).
To
Observing that M L = M (α), we denote the irreducible monic polynomial of α over M by f 1 (X). By the Henselian property of M we obtain that f 1 (X) is a power of an irreducible polynomial over M . However, f 1 (X) divides f (X), hence f 1 (X) is irreducible separable over M . Applying the second part of the Proposition, we conclude that M L/M is unramified.
(3) follows from (1) and (2).
An algebraic extension L of a Henselian discrete valuation field F is called unramified if L/F, L/F are separable extensions and e(w|v) = 1, where v is the discrete valuation on F , and w is the unique extension of v on L.
The third assertion of the Corollary shows that the compositum of all finite unramified extensions of F in a fixed algebraic closure F alg of F is unramified. This extension is a Henselian discrete valuation field (it is not complete in the general case, see Exercise 1). It is called the maximal unramified extension F ur of F . Its maximality implies σF ur = F ur for any automorphism of the separable closure F sep over F . Thus, F ur /F is Galois. (1) Let L/F be an unramified extension and let L/F be a Galois extension. Then L/F is Galois. (2) Let L/F be an unramified Galois extension. Then L/F is Galois. For an automorphism σ ∈ Gal(L/F ) let σ be the automorphism in Gal(L/F ) satisfying the relationσᾱ = σα for every α ∈ O L . Then the map σ → σ induces an isomorphism of Gal(L/F ) onto Gal(L/F ).
(1) It suffices to verify the first assertion for a finite unramified extension L/F . Let L = F (θ) and let g(X) be the irreducible monic polynomial of θ over F . Then
with θ i ∈ L, θ 1 = θ. Let f(X) be a monic polynomial over O F of the same degree as g(X) and f (X) = g(X). The Henselian property Corollary 2 in (1.2) implies
2) shows that L = F (α 1 ), and we deduce that L/F is Galois.
(2) Note that the automorphism σ is well defined. Indeed, if β ∈ O L with β = α, then σ(α − β) ∈ M L by Corollary 3 in (2.9) and σα = σβ. It suffices to verify the second assertion for a finite unramified Galois extension L/F . Let α, θ, f(X) be as in the first part of Proposition (3.2). Since all roots of f(X) belong to L, we obtain that all roots of f (X) belong to L and L/F is Galois. The homomorphism Gal(L/F ) → Gal(L/F ) defined by σ → σ is surjective because the condition σθ = θ i implies σα = α i for the root α i of f(X) with α i = θ i . Since Gal(L/F ), Gal(L/F ) are of the same order, we conclude that Gal(L/F ) is isomorphic to Gal(L/F ).
Corollary. The residue field of F ur coincides with the separable closure F sep of
Proof. Let θ ∈ F sep , let g(X) be the monic irreducible polynomial of θ over F , and f(X) as in the second part of Proposition (3.2). Let {α i } be all the roots of f(X) and L = F ({α i }). Then L ⊂ F ur and θ = α i ∈ F ur for a suitable i. Hence, F ur = F sep .
(3.4). Let L be an algebraic extension of F , and let L be a discrete valuation field. We will assume that F alg = L alg in this case.
Proposition. Let L be an algebraic extension of F and let L be a discrete valuation field. Then L ur = LF ur , and L 0 = L ∩ F ur is the maximal unramified subextension of F which is contained in L. Moreover, L/L 0 is a purely inseparable extension.
Proof. The second part of Corollary (3.2) implies L ur ⊃ LF ur . Since the residue field of LF ur contains the compositum of the fields L and F sep , which coincides with L sep because L/F is algebraic, we deduce L ur = LF ur . An unramified subextension of F in L is contained in L 0 , and L 0 /F is unramified. Let θ ∈ L be separable over F , and let g(X) be the monic irreducible polynomial of θ over F . Let f(X) be a monic polynomial with coefficients in O F of the same degree as g(X), and f (X) = g(X).
Then there exists a root α ∈ O L of the polynomial f(X) with α = θ because of the Henselian property. Proposition (3.2) shows that F (α)/F is unramified, and hence
Corollary. Let L be a finite separable (resp. finite) extension of a Henselian (resp. complete) discrete valuation field F , and let L/F be separable. Then L is a totally ramified extension of L 0 , L ur is a totally ramified extension of F ur , and |L :
Proof. Theorem (2.8) and Proposition (2.4) show that f (L|L 0 ) = 1, and e(L|L 0 ) = |L :
(3.5). We treat the case of tamely ramified extensions.
Proposition.
(1) Let L be a finite separable (resp. finite) tamely ramified extension of a Henselian (resp. complete) discrete valuation field and let L 0 /F be the maximal unramified
Now Corollary 2 of (1.2) shows the existence of an element ν ∈ O L with ν e = ρ, ν = 1. Therefore, π = π 1 η −1 , π 0 = π L ν are the elements desired for the first part of the Proposition. It remains to use Corollary 2 of (2.9).
(2) Let β = π a 1 ε for a prime element π 1 in L 0 and a unit ε ∈ U L 0 . The polynomial g(X) = X e − ε is separable in L 0 [X] and we can apply Proposition (3.2) to f(X) = X e − ε and a root η ∈ F sep of f(X). We deduce that L 0 (η)/L 0 is unramified and hence it suffices to verify that (1) If L/F, M/L are separable tamely ramified, then M/F is separable tamely ramified. (2) If L/F is separable tamely ramified, M/F is an algebraic extension, and M is discrete, then M L/M is separable tamely ramified.
If F is complete, then all the assertions hold without the assumption of separability.
Proof. It is carried out similarly to the proof of Corollary (3.2). To verify (2) one can find the maximal unramified subextension
, and the second part of the Proposition yields the required assertion.
(3.6). Finally we treat the case of totally ramified extensions. Let F be a Henselian discrete valuation field. A polynomial
(1) The Eisenstein polynomial f(X) is irreducible over F . If α is a root of f(X), then F (α)/F is a totally ramified extension of degree n, and α is a prime element in
(2) Let L/F be a separable totally ramified extension of degree n, and let π be a prime element in L. Then π is a root of an Eisenstein polynomial over F of degree n.
(1) Let α be a root of f (X), L = F (α), e = e(L|F ). Then
where v F and v L are the discrete valuations on F and
similarly to Corollary 2 of (2.9).
(2) Let π be a prime element in L. Then L = F (π) by Corollary 2 of (2.9). Let
be the irreducible polynomial of π over F . Then n = e, nv L (π) = min
Exercises.
1. a) Let π be a prime element in F , and let F sep be of infinite degree over F (e.g.
where
Show that the sequence {α n } n 0 is a Cauchy sequence in F ur , but lim α n / ∈ F ur .
b) Show that F sep is not complete, but the completion C of F sep is separably closed
Show that in general the compositum of two totally (totally tamely) ramified extensions is not a totally (totally tamely) ramified extension.
be the monic polynomial of the same degree such that
otherwise, where π is a prime element in L. 6. Let L be a separable totally ramified extension of F , and π a prime element in L.
is the Eisenstein polynomial of π over F .
Galois Extensions
We study Galois extensions of Henselian discrete valuation fields and introduce a ramification filtration on the Galois group. Ramification theory was first studied by R. Dedekind and D. Hilbert. In this section F is a Henselian discrete valuation field.
Proof. It follows from Corollary 3 of (2.9).
Proposition. Let L be a finite Galois extension of F and let L 0 /F be the maximal unramified subextension in L/F . Then L 0 /F and L 0 /F are Galois, and the map
Proof. Recall that in (3.4) we got an agreement F alg = L alg . Let σ ∈ Gal(L/F ). Corollary 3 of (2.9) implies that σL 0 is unramified over F , hence L 0 = σL 0 and L 0 /F is Galois. The surjectivity of the homomorphism Gal(L/F ) → Gal(L 0 /F ) follows from Proposition (3.3). Since L/F and F ur /F are Galois extensions, we obtain that LF ur /F is a Galois extension. Then L ur = LF ur by Proposition (3.4). The remaining assertions are easily deduced by Galois theory.
Thus, a Galois extension L/F induces the Galois extension L ur /F ur . The converse statement can be formulated as follows.
(4.2). Proposition. Let M be a finite extension of F ur of degree n. Then there exist a finite unramified extension
Proof. Assume that L 0 is a finite unramified extension of F, L is a finite extension of L 0 of the same degree as M/F ur and M = LF ur . Then for a finite unramified extension N 0 of L 0 and N = N 0 L we get |M :
are such as desired. Moreover, N 0 , N are also valid for the Proposition. Therefore, it suffices to consider a case of M = F ur (α).
Let f(X) ∈ F ur [X] be the irreducible monic polynomial of α over F ur . In fact, its coefficients belong to some finite subextension
the finite extension of L 0 of the same degree as M/F ur and M = LF ur . This proves the first assertion of the Proposition. If α is separable over F ur , then it is separable over L 0 . If M/F ur is a Galois extension, then M = F ur (α) for a suitable α and σ i (α) for σ i ∈ Gal(M/F ur ) can be expressed as polynomials in α with coefficients in F ur . All these coefficients belong to some finite
Proof. It follows from Proposition (3.4).
Certainly each of G x is equal to G i with the least integer i x.
Lemma. G i are normal subgroups of G.
Proposition. Let L be a finite Galois extension of F , and let L be a separable extension of F . Then G 0 = Gal(L/L 0 ) and the i th ramification groups of G 0 and G coincide for i 0. Moreover,
for a prime element π in L, and G i = {1} for sufficiently large i.
Proof. Note that σ ∈ G 0 if and only if σ ∈ Gal(L/F ) is trivial. Then G 0 coincides with the kernel of the homomorphism Gal(L/F ) → Gal(L/F ). Proposition (4.1) and Proposition (3.3) imply that this kernel is equal to Gal(L/L 0 ). Since G i is a subgroup of G 0 for i 0, we get the assertion on the i th ramification group of G 0 . Finally, using Corollary 2 of (2.9)
Now we deduce the description of
The group G 0 is called the inertia group of G, and the field L 0 is called the inertia subfield of L/F .
(4.4). Proposition. Let L be a finite Galois extension of F , L a separable extension of F , and π a prime element in L. Introduce the maps
by the formulas ψ i (σ) = λ i (σπ/π), where the maps Proof. The proof follows from the congruence
for σ, τ ∈ G i and Proposition (5.4) Ch. I. The kernel of ψ i consists of those automor- One of the first properties of ramification numbers if supplied by the following Proposition. Let L/F be a finite Galois extension with separable residue field extension. Let σ ∈ G i \ G i+1 and τ ∈ G j \ G j+1 with i, j 1.
Now if j is the maximal ramification number of L/F , then G j+1 = {1}. Therefore the last formula in the previous paragraph shows that every positive ramification number i of L/F is congruent to j modulo p. Therefore every two positive ramification number of L/F are congruent to each other modulo p. Finally, from the same formula we deduce that στ σ
Remark. For more properties of ramification groups see sections 3-5 Chapter III and sections 3 and 6 Chapter IV.
1. Let F be a complete discrete valuation field and let L/F be a finite totally ramified Galois extension. For integers i, j 0 define the (i, j)-th ramification group 
Gal(L/L 0 (π)) is solvable. Thus, G 0 is solvable by a) and b). 3. Find an example of a finite separable extension L/F such that L/F is separable, and for every nontrivial finite extension M/L with M/F being a Galois extension, the extension M /F is not separable. 4.
( ) Prove that for every finite extension of complete discrete valuation fieds L/F there is a finite extension K of a maximal complete discrete valuation subfield K of F with perfect residue field such that e(K L|K F ) = 1 following the steps below (this statement is called elimination of wild ramification, see [Ep] , [KZ] ). a) Prove the assertion for an inseparable extension L/F of degree p. b) Reduce the problem to the case of Galois extensions. c) Reduce the problem using solvability of G 0 (see Exercise 2) to the case e(L|F ) = |L : F | = l with prime l. d) Prove the assertion in the latter case.
Structure Theorems for Complete Fields
In this section we shall describe classical structural results on complete discrete valuation fields [HSch] Proof. Since M ∩ M F = (0), M is mapped isomorphically onto the field M ⊂ F , therefore char(F ) = char(F ). Conversely, let A be the subring in O F generated by 1. Then A is a field if char(F ) = p, and A ∩ M F = (0) if char(F ) = 0. Hence, the quotient field of A is the desired one.
A field M ⊂ O F , that is mapped isomorphically onto the residue field F = M is called a coefficient field in O F . Such a field, if it exists, is a set of representatives of F in O F (see (5.1) Ch. I). Proposition (5.2) Ch. I implies immediately that in this case F is isomorphic (algebraically and topologically) with the field M ((X)): a prime element π in F corresponds to X . Note that this isomorphism depends on the choice of a coefficient field (which is sometimes unique, see Proposition (5.4)) and the choice of a prime element of F .
We shall show below that a coefficient field exists in an equal-characteristic case.
(5.2). The simplest case is that of char(F ) = char(F ) = 0.
Proposition. Let char(F ) = 0. Then there exists a coefficient field in O F . A coefficient field can be selected in infinitely many ways if and only if F is not algebraic over Q.
Proof. Let M be a maximal subfield in O F , in other words, M be not contained in any other larger subfield of O F . We assert that M = F , i.e., M is a coefficient field. Indeed, if θ ∈ F is algebraic over M , then θ is separable over M and we can apply the arguments of the proof of Proposition (3.4) to show that there exists an element α ∈ O F which is algebraic over M and such that α = θ. Since M (α) = M , by the maximality of M , we get α ∈ M, θ ∈ M . Furthermore, let θ ∈ F be transcendental over
Hence, a i = 0 and a i = 0 ( M is mapped isomorphically onto M ). By the same reason M [α] ∩ M = (0). Hence, the quotient field M (α) is contained in O F and M = M (α), contradiction. Thus, we have been convinced ourselves in the existence of a coefficient field.
If F is not algebraic over Q, let α ∈ O F be an element transcendental over the prime subfield Q in O F . Then the maximal subfield in O F , which contains Q(α + aε) with ε ∈ M F , a ∈ Q, is a coefficient field. If F is algebraic over Q, then M is algebraic over Q and is uniquely determined by our previous constructions. Proof. Let I be an index-set for Θ. One can put F n = F n−1 ({α i,n }) with α p i,n = α i,n−1 , i ∈ I , and F 0 = F , α i,0 = α i . Then the completion of L = n 0 F n is the desired field. Since α i ∈ n 0 L p n , we obtain that α i is the multiplicative representative of θ i .
(5.4). Now we treat the case char(F ) = char(F ) = p. If F is perfect, then Corollaries 1 and 2 of (7.3) Ch. I show that the set of the multiplicative representatives of F in O F forms a coefficient field. Moreover, this is the unique coefficient field in O F because if M is such a field and α ∈ M , then, as M is perfect, α ∈ n 0 M p n is the multiplicative representative of α. (Note that in general there are infinitely many maximal fields as well as in the case of char(F ) = 0, therefore in general a maximal field is not a coefficient field).
Proposition. Let char(F ) = p. If F is perfect then a coefficient field exists and is unique; it coincides with the set of multiplicative representatives of F in O F . If F is imperfect then there are infinitely many coefficient fields.
Proof. If F is imperfect we apply the construction of the previous Lemma. Then L is perfect and there is the unique coefficient field N of L in O L . Let M be the subfield of N corresponding to F . If γ ∈ M then γ ∈ F (5.5). We conclude with the case of unequal characteristic: char(F ) = 0, char(F ) = p. For the discrete valuation v F such that v F (F * ) = Z recall that e(F ) = v F (p) is called the absolute index of ramification of F , see (5.7) Ch. I. The preceding assertions show that in equal-characteristic case for an arbitrary field K there exists a complete discrete valuation field F with the residue field F isomorphic to K . Here is an analog:
Proposition. Let F be a complete discrete valuation field of characteristic 0 with residue field K of characteristic p. Let K 1 be any extension of K . Then there exists a complete discrete valuation field F 1 which is an extension of F , such that e(F 1 |F ) = 1 and F 1 = K 1 .
Proof. It is suffices to consider two cases: K 1 = K(a) is an algebraic extension over K and K 1 = K(y) is a transcendental extension over K . If, in addition, in the first case K 1 /K is separable, then let g(X) be the monic irreducible polynomial of a over K , and let f(X) be a monic polynomial over the ring of integers of K such that f (X) = g(X). By the Hensel Lemma (1.2) there exists a root α of f(X) such that α = a. Then F 1 = F (α) is the desired extension of F . Next, if a p = b ∈ K and β is an element in the ring of integers of F such that β = b, then F 1 = F (α) is the desired extension of F for α p = β. Finally, in the second case let w be the discrete valuation on F (y) defined in Example 4 in (2.3) Ch. I. Then F 1 which is the completion of F (y) is the desired extension of F .
Corollary. There exists a complete discrete valuation field of characteristic 0 with any given residue field of characteristic p and the absolute index of ramification is equal to 1.
Proof. One can set F = Q p and apply the Proposition.
(5.6). Proposition. Let L be a complete discrete valuation field of characteristic 0 with the residue field L of characteristic p. Let F be a complete discrete valuation field of characteristic 0 with p as a prime element. Suppose that there is an isomorphism ω: F → L. Then there exists a field embedding ω: F → L, such that v L • ω = e(L)v F and the image of ω(α) ∈ O L for α ∈ O F in the residue field L coincides with ω(α).
Proof. Assume first that F is perfect. By Corollary 1 of (7.3) Chapter I any element θ ∈ F has the unique multiplicative representative r F (θ) in F and r L (ω(θ)) in L.
Proposition (5.2) Ch. I shows that the map ω is defined on F , Proposition (7.6) Ch. I shows that ω is a homomorphism of fields. Evidently v L • ω = e(L)v F and ω(α) = ω(α) for α ∈ O F . Further, assume that F is imperfect. Let Θ = {θ i } i∈I be a p-basis of F . Let A = {α i } i∈I be a set of elements α i ∈ O F with α i = θ i , and let B = {β i } i∈I be a set of elements β i ∈ O L with β i = θ i . For a map ν: I −→ {0, 1, . . . , p n − 1} such that ν(i) = 0 for almost all i ∈ I , put
The same meaning will be used for A ν , B ν . By Lemma (5.3) there exist complete discrete valuation fields F , L for F, L, such that e(F |F ) = e(L |L) = 1, and F is perfect and isomorphic to L , and α i (resp. with γ 1 ∈ O F . We get ω (A ν ) = B ν and using Lemma (7.2) Ch. I, we have
Repeating this reasoning for γ 1 , we conclude that ω (γ) ≡ δ n mod M n+1 L for some δ n ∈ O L . Then ω (γ) = lim δ n and since O L is complete, we deduce ω (γ) ∈ O L . Thus, ω maps O F in O L , and we finally put ω = ω | F to obtain the desired homomorphism.
Corollary 1. Let F 1 , F 2 be complete discrete valuation fields of characteristic 0 with p as a prime element. Let there be an isomorphism ω of the residue field F 1 to F 2 . Let F 2 be of characteristic p. Then there exists a field embedding ω: F 1 → F 2 such that ω(α) = ω(α) for α ∈ O F 1 .
